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Abstract
Gravity and electromagnetism are two sides of the same coin, which is the clue of this unification. Gravity and 
electromagnetism are representing by two mathematical structures, symmetric and antisymmetric respectively. 
Einstein gravitational field equation is the symmetric mathematical structure. Electrodynamics Lagrangian is three 
parts, for electromagnetic field, Dirac field and interaction term. The definition of canonical energy momentum 
tensor was used for each term in Electrodynamics Lagrangian to construct the antisymmetric mathematical 
structure. Symmetric and antisymmetric gravitational field equations are two sides of the same Lagrangian.

Gravity and electromagnetism are two sides of the same 
coin 
Gravitational objects have spin and angular momentum, spin 
and angular momentum of gravitational objects are related to 
basic quantum properties of elementary particles. The angular 
momentum for the sun is given by Jsun = Msun ωσR

2
sun ≈  1050 

ergs.s, for solar system is Jsolsys = M solsys ωσR
2
 solsys ≈  1052 ergs.s. 

In the case of a galaxy the angular momentum is given by Jgal 
= Mgal ωσR

2
 gal where Mgal =  1045g ; R2

 gal = 1047 cm2 ; ωσ = 2 x 
10-18HZ and the value of angular momentum is Jgal ≈ 1074 ergs.s 
.Similarly, for cluster of galaxies, the angular momentum is 
given by Jclust = Mclust ωσR

2
clust ≈  10110 ħ  in Hubble scale and for 

the universe Juniv ≈ 10120  ħ. Spin density (σ = spin/volume) is the 
same for a wide range, for an electron the spin density is given 

by 

For proton σρ ~  109 ergs.s/cc also for the solar system we have 

σsolsys ~  109 ergs.s/cc  . For a galaxy 

and spin density for Universe  [1].

Not only this, but also magnetic fields seem to be everywhere 
that we can look in the universe [2]. Magnetic fields are ob-
served to be of the order of 1013 G in neutron stars, 103 G in 
solar type stars. 
Magnetic fields of order a few μG also have been detected in 
radio galaxies [3]. Magnetic fields are associated with all grav-
itational objects and gravitational objects are magnetic dipoles. 
Electromagnetism not tied only to charged particles, but the 
planets, stars, galaxies and clusters.
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Symmetric and antisymmetric mathematical structures
Many scientists, like Weyl, Eddington, Einstein, Infeld, Born 
and Schrodinger, have pursued unification of gravity and elec-
tromagnetism. Weyl initiated this unification, Eddington con-
sidered connection as the central concept then decomposed its 
Ricci tensor to symmetric Ricci tensor (Rμv ) represents gravity 
and antisymmetric Ricci tensor (Rvσ) represent electromag-
netism. Infeld and Born followed the path of Eddington then 
derived the Lagrangian , they 
considered the asymmetric metric g(μv) = gμv + Fvσ  its symmetric 
term gμv represents gravity and antisymmetric term (Fvσ) repre-
sent electromagnetism and g is the determinant of the symmet-
ric metric tensor gμv [4]. Schrodinger generalized Eddington 
Lagrangian to new form containing the cosmological constant

[5]. Despite the failure of these previous attempts, they 
in its entirety refers to something cannot be neglected is that 
gravity and electromagnetism should be representing by two 
mathematical structures.

Curvature tensor
Riemann tensor in terms of Christoffel’s symbols defined by
        Rδ

μvσ = Γλ
μσ  Γ

δ
λv  -  Γ

λ
μv  Γ

δ
λσ  + Γδ

μσ,v  -  Γ
δ
μv,σ                       (1)

Riemann Christoffel tensor is of rank four, contravariant in δ 
and covariant in μ, ν, and σ, and also
         Rδ

μvσ = 0                 (2)

Is the necessary condition for the validity of the special theory 
of Relativity and for the absence of permanent gravitational 
field or are the necessary and sufficient condition that the space 
time is flat [6].
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Lowering the last index in the Riemann Christoffel tensor with 
the symmetric metric tensor Rμvσε = Rδ

μvσ gδε the lowered tensor  
is symmetric under Interchanging of the first and last pair of 
indices and antisymmetric in μ, ε and in ν, σ.

Symmetric and antisymmetric Ricci tensors can be written as 
follow 
 Rμv = Rδ

μvδ = Γλ
μδ  Γ

δ
λv  -  Γ

λ
μv  Γ

δ
λσ  + Γδ

μδ,v  -  Γ
δ
μv,δ                   (3)

 Rvσ = Rδ
μvσ = Γδ

δσ,v -  Γ
δ
δv,σ                                                                             (4)

Symmetric and antisymmetric Ricci tensors give us the oppor-
tunity to have symmetric and antisymmetric gravitational field 
equations. 

General theory of Relativity
General relativity is the modern theory of gravity; General the-
ory of relativity relate gravitational field to the curvature of 
space-time. Symmetric stress energy tensor Tμν is the source 
of gravitational field in general theory of relativity. In the pres-
ence of permanent gravitational field, the symmetric gravita-
tional field equation is

                           (5)

R is the Ricci scalar and G is the gravitational con-
stant. Einstein-Hilbert action for gravity is given by

 is 
invariant volume element and gravity Lagrangian defined by   

                                        (6)
Gravity Lagrangian is a combination of Ricci scalar and cos-
mological constant.
Electrodynamics
Electrodynamics Lagrangian is given by 

              (7)

 Fvσ is the electromagnetic field strength tensor, Dv  is the gauge 
contravariant derivative, Ψ matter field Ψ = γ0Ψ

+ is their ad-
joint,  is the four Dirac matrices with (ν=0, 1 …
3). The electromagnetic field strength tensor (Fvσ) is given by

And 
their lowered index counterpart.
The first term of Electrodynamics Lagrangian for the electro-
magnetic field is given by

                    (8)
Canonical energy momentum tensor for electromagnetic field 
Lagrangian is

                          (9)

Using the identity we find

                        (10)

Equation (10)  is not antisymmetric due to the asymmetric 
Tensor (-FμvF

μ
σ)[7], for this let’s suppose that the asymmetric 

tensor is the sum of symmetric and antisymmetric tensors as 
follow

                       (11)

The divergence tensor is arbitrary antisymmetric tensor in their 
first two indices (χσvμ = -χvσμ), it is constructed from electro-
magnetic field strength tensor( Fvσ ) and electromagnetic vector 
potential (Aμ).
Equation (11) in terms of this definition can be rewritten as

          (12)
Employing the Maxwell equation, we obtain

           (13)

The antisymmetric stress energy tensor for electromagnetic 
field can be written as

                          (14)
And also can be written in the form

                                (15)

If we multiplied this equation by  we find

          (16)

The second term in electrodynamics Lagrangian for Dirac field 
and given by

                                           (17)

The canonical energy momentum tensor defined by

           (18)

             (19)

The canonical energy momentum tensor that has been present-
ed in this equation is not antisymmetric due to the symmetric 
term . For this, the antisymmetric stress energy ten-
sor can be written as the canonical energy momentum tensor 
minus this symmetric term as follow

                                    (20)

                                    (21)

Multiplying equation (21) by  , we have

                    (22)

Third term is the interaction Lagrangian and given by



3

Volume 2 | Issue 1 I J T C Physcics; 2021 www.unisciencepub.com

                                              (23)
The canonical energy momentum tensor is given by

                                         (24)

And antisymmetric stress energy tensor is
                                         (25)

Antisymmetric stress energy tensor for interaction Lagrangian 
is the same canonical energy momentum tensor, multiplying 

the previous equation by  we find   

                       (26)

If we added eqs. (16), (22) to eq. (26), we have

 

    (27)

If gauge contravariant derivative  is used in the 
previous equation, we find

 

         (28)

 

             (29)

       (30)

Antisymmetric gravitational field equation is gauge invariant 
and antisymmetric stress energy tensor can be written in the 
form

     (31)

Ricci scalar is proportional to the sum of Dirac and interaction 
Lagrangians as follow

      (32)

Cosmological constant is a construction from electromagnetic 
field strength tensor and given by

           (33)

Antisymmeric Ricci tensor is given by

       (34)

Antisymmetric Ricci tensor is the antisymmetric term of eq. 

(13) multiplied by  Substituting by eqs. (32), (33) into 
eq (6), we have

       
      (35)

Gravity Lagrangian equal to electrodynamics Lagrangian, but 
in terms of the second set of indices. Electrodynamics La-
grangian and Its parts can be written in terms of one of two 
sets of indices, first set is {μ, v, σ} and second set is {ԑ,δ,λ} 

If we multiplied eq. (13) by , we find

                                                   (36)

                                                 (37)

The symmetric Ricci tensor is the symmetric term of eq. (13) 

multiplied by  and it is the sum of divergence tensor 
and the asymmetric Ricci tensor. If we substituted by eq. (37) 
into eq. (3), we find

 (38)

Substituting by eq. (34) into eq. (4), we find

                                          (39)
This tensor takes the form of curl of vector as follow

                        (40)

Equation (38) can be divided into two equations as follow

         (41)

                                  (42)

Equation (42) can be rewritten as

                           (43)

       (44)

       (45)

                             (46)

                           (47)

                                                (48)

Substitute by eq. (48) into eq. (44), we find

(49)
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Equating the first term by the first term in this equation, we find
                                         (50)

                                            (51)
In eq. (49) if we equate the second term by the second term, 
we find

                                    (52)

Equating eq. (52) with eq. (40), we find
            (53)

Equation (41) can be rewritten in the form

          (54)

                  
               (55)

                  (56)

                              (57)

Using eq. (51), we find

 (59)

And Substituting by this equation into eq. (54), we have

  
        (60)
Now, let’s construct the antisymmetric metric tensor. Electric 
field in empty space is given by

   (61)

  are the wave frequency and 
wave vector. In general orthogonal curvilinear coordinates a 
vector A defined as follow
                                            (62)

Let’s suppose that (E01, E02, E03) is the unit vector then equate 

eq (61) with eq (62), we find and 
;Using these three coefficients to construct the 

antisymmetric metric tensor (gvσ ), this tensor is in the same 

form of electromagnetic field strength tensor Fvσand with the 
same signs.

 

       (63)

And now, we will return to the cosmological constant which it 
will splits up into two parts where Fδλ F

δλ = -2E2 + 2B2

                                                   (64)

The first term of cosmological constant can be written as

                                                                      (65)
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                                                          (66)

First term is proportional to density of vacuum electric energy, 
the second term of cosmological constant can be written as

                                                          (67)

                                                            (68)

Second term is proportional to density of vacuum magnetic en-
ergy. Cosmological constant proportional to the sum of bind-

ing energy per nucleon  and its absolute value  , 
and can be written as

                                          (69)

Binding energy per nucleon is defined by , 
where Δm = Zmp + (A-Z)mn - MN,  A is atomic mass number, 
Z is atomic number,  MN is a nucleus mass,  mp is proton mass 
and mn is neutron mass [8].

Symmetric gravitational field equation in empty space is

                                               (70)

                                                (71)

Equating eq. (37) with eq. (71), we find

                     (72)

Antisymmetric gravitational field equation in empty space by 
analogy to symmetric gravitational field equation is

                                            (73)

                                                 (74)

Equating eq. (74) with eq. (34), we have

                                        (75)

If we added eq. (72) into eq. (75) we have

                  (76)

If we equate eq. (60) by eq. (76), the first term of eq. (60) 
hasn’t comparable one in eq. (76) and equal to zero

                                                       (77)

Equating second term of eq. (60) by the first term of eq. (76), 
we find

                                   (78)

Equating third term of eq. (60) by second term of eq. (76), we 
find

              (79)

Equating eq. (78) by eq. (79), we find

                  (80)

                                                                     (81)

Conclusion
General relativity is very successful theory. This paper intro-
duced new definitions for the cosmological constant, which 
lead to new study in cosmology undertaken. Differential ge-
ometry has been extended by new tensors and operators, these 
tensors are gμv, gvσ, gԑδ, gδλ. The four dimensional gradient oper-
ator became six operators, these operators are ∂μ, ∂v,∂σ, ∂ԑ,∂δ,∂λ. 
This study introduced new relations in differential geometry 
and created new differential geometry analysis undertaken.
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