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Abstract

This study explores the application of the Daftardar-Jafari Method (DJM) for solving linear and nonlinear
integro-differential equations (IDEs). Unlike traditional perturbation-based techniques, DJM does not require
small parameters, making it highly effective for strongly nonlinear problems. The method constructs a rapidly
converging iterative sequence, providing accurate analytical or approximate solutions with reduced computational
complexity. To validate the efficiency and accuracy of DJM, several test problems are presented, demonstrating its
superior convergence and computational advantages. The numerical results, obtained using MATLAB, highlight
the method s robustness and effectiveness in handling complex IDEs. The findings suggest that DJM is a powerful
tool for solving a broad class of integro-differential equations, with potential applications in various scientific and

engineering fields.
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Introduction

Integro-differential equations (IDEs) play a crucial role
in mathematical modeling across various scientific and
engineering disciplines. These equations, which incorporate
both differential and integral operators, naturally arise in fields
such as fluid mechanics, biological systems, physics, and
control theory, where the evolution of a system depends on both
its current state and its cumulative history. IDEs are essential
tools for describing dynamic systems with memory effects,
hereditary properties, and distributed parameters, making their
solution a fundamental aspect of advancing both theoretical and
applied research. The complexity of solving IDEs arises from
their intricate structure, especially when dealing with nonlinear
formulations. Obtaining analytical solutions for such equations
is often challenging, particularly for real world or highly
complex models. Consequently, researchers have explored
various analytical and numerical techniques to address these
equations. Traditional analytical methods, such as the Laplace
transform (Toma, 2022), Fourier transform (Bobolian et al.,
2009), and Green’s functions (Sawangtong & Sawangtong,
2019), are widely used but are often limited to linear cases. On
the other hand, numerical methods, including finite difference
methods (Jan et al., 2016), spectral methods, and iterative
techniques (Kalouta, 2022; Bassi & Ismail, 2022), provide
approximate solutions but may suffer from computational
inefficiencies or numerical instability. In recent years, semi-
analytical iterative techniques have gained significant attention
due to their ability to efficiently handle nonlinear IDEs while

maintaining high computational efficiency. Among these
methods, the Daftardar-Jafari Method (DJM) has emerged as a
powerful and effective approach. Developed by Daftardar-Gejji
and Jafari, this iterative technique is designed to generate a
rapidly converging series solution for nonlinear differential and
integro-differential equations. For example (Batiha & Ghanim,
2021; Patade & Bhalrkar, 2015; Toma, 2021; Toma & Alturky,
2021; Toma & Alturky, 2021), unlike traditional perturbation-
based methods (Mhahmood et al., 2024; Gupta et al., 2013;
Kharrat & Toma, 2020; Toma, 2021; Toma, & Kharrat, 2021;
Toma & Kharrt, 2020), DJM does not require small parameters,
making it particularly advantageous for dealing with strongly
nonlinear problems. DJM has demonstrated remarkable
effectiveness in various applications, successfully solving
fractional integro-differential equations, nonlinear boundary
value problems, and partial integro-differential equations
arising in engineering and physics. The method constructs a
sequence of approximate solutions that rapidly converge to the
exact or highly accurate solution. Furthermore, DJM reduces
the number of computational steps compared to traditional
iterative techniques, making it a practical approach for real-
world applications. This study aims to expand the investigation
into the applicability of DIJM for solving both linear and
nonlinear integro-differential equations. By leveraging
its iterative structure and rapid convergence, we seek to
demonstrate its effectiveness in obtaining accurate solutions
for a wide range of problems. Additionally, computations are

Int J Math Expl & Comp Edu. 2025

www.unisciencepub.com

Volume 2 | Issue 2 | 1 of 6



performed using MATLAB software to verify the accuracy and
efficiency of the proposed approach. This paper is organized
as follows: Section 2 presents the mathematical framework
and theoretical foundations of the Daftardar-Jafari Method.
Section 3 discusses the application of the method to different
types of integro-differential equations, incorporating numerical
results and comparative analysis. Finally, Section 4 concludes
the study by summarizing key findings and outlining potential
future research directions.

Methodology and Formulation
We focus on the following nonlinear integro-differential
equation

u™(x) = fx) + g(xwu, .., u™ )+ j;:K[x, t) M(u(t))dt

(1)
With initial conditions

u*N0)=a,, ap=const, k=0,n—1

Where u is a unknown function, M(u(?)) is a linear or nonlinear
function, f{x) is a known analytical functions on [0 ,b] and the
kernel is K(x,1).

According to the DJM, by integrating both sides of the equation
(1) with respect to x
u(x) = [ f) f)dx..

dx+j

f; g(x.u, u, ....u(“_l}) dx ..dx +
_'_’ n

f: Io jo K(x, t) M(u(t])dt dx ...dx

n

2

Where the nonlinear part

- C D
N(u) J J g(x,u.u,...,u )dx...dx+

f f fﬁ’(x, t) M(u(t))dt de_;v_‘ﬂ

The solution to the equation (2) is given in the form

u=z(i=o)°°ul. (3)

By expressing the nonlinear part in the form
N wl=|.| g (x, W, ) Ui, uf"il})dx wdx +
(o) [ olZe o et oo

S [ ST (e ) MEZou; (£)dt dx ... dx

L v
- n

“4)
By substituting (3) and (4) into (2), we obtain:

x o

u(x) = f ff(x)dx dx+N(Z j
=0

=

From this, the following results:

Uy = j j Flx) dx .. dx
00 "

u1.= N(u,)
w,= N(u,tu, )-N(u,)

u = N(ustu+.+u ) - N(utu+.+u
For convergence of the DIM

), m=23,...

Lemma (Bhalekar & Daftardar-Gejji, 2011). If N is C* in a
neighborhood of u, and IN"(u, )l <L, for any » and for some
realL>0and lu I<M<e',i 2,... then the series ), _ “u_
is absolutely convergent and lu | < LM" e™' (e-1), n=1,2,...

Test Problems

Example 1

Consider the following linear integro-differential equation
w'(x) =1+ [Ju(t)dt, 0=x,t=1 (5)

With the initial condition

u(0)=1
According to the DJM, by integrating both sides of the equation
(5) with respect to x.

u(x) = x+jju(t)dtdx+c
oo
By using u(0)=1 , yields
a£ X

ulx)=x+1+ u(t) dt dx
/]

Where
N(x) =jju{t) dt dx
f{x}=uﬂ{1]=1+x’ 20
Then
&< X
2y
uy (x) = Nlug) =jjuu{t]drdx=E+E
oo
() = N + ) — N(utg) = 4 2
e = Ao i) T R = 52 T 120
& .‘I.'T
Us(x) = N{ug +uy +uq) — Nlug +u4) = 0 +%

Then the exact solution is

_m ) x* x® oxt x5 x5 o« .
u(x}—Zu = +I+E+§+4 +§+E+ﬁ+m_e

=0

25T

20T

t t t t t t t t t
00 01 02 03 04 0s 06 [ 08 09 1.0

Figurel: Exact solution for example 1
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Example 2
Consider the following linear integro-differential equation

u®x)—xu"(x) =

--I|-h

g—gx?—x5’+5xz—5+4fﬂxx31:3u{t} dt, 0=x,t=1 ©)

with the initial conditions
w(0)=1,u(@=2 , u(0=0
According to the DJM, by integrating both sides of the equation (6) with respect to x

1z 10 - - o ¥ ¥ ¥ x
et [ [ [ f 0
ulx) 5310~ 250 504 x4+ xu(t)drdxdx + 4 x* t*ult)dtdxdxdx+ ¢
By usingu(0)=1,u'(0)=2,u” (0) 0 yields
E ¥ ¥ ¥ x
TR I ) .
ulx) = 2310_ﬁ_m+ —x +2x+1+[[[xu (t]dxdxdx+4-f[f[x t* ult) dtdx dx dx
0o o 9 0 00
Where
12 10 ] ]
x x x
= ug(x) = e i T |
fE) =)=~ 45 508 T ¥ T
'R
N(x) = jjjxu {t}dxdxdx+4jjjj 3 u(t) dt dx dx dx
Then
r o ¥ x5z
uy(x) = N{ug) =jj jxtau{t}dxdxdx+4jjjsz % ug (t) dt dx dx dx
i 'J 0 a
3 x? x? N xl 11 gxlz . 4x14 xlﬂ xlg
105 504 450 6930 15400 85995 8019648 9157050
x::
+—
73735200
uz(x) = N(up + uy) — N(ug)
_ x? N x? N P! N x12 x13 3831’1* 31:{16 xls
105 1260 6930 6600 108108 6879600 8?3130{] 8019648
N x? 1657x%° 13221 N 20747x2 x?7
915?[!5'%3 147891744000 3D5654BBDDCI 13750604627760 774096523200
X X

* 1034948105100 * 11226184200000

Then the approximate solution is

u(x) = Zui =g+ Uy + Uz + -
=0
Table 1 shows the absolute errors at different values of x for two terms u+ u, and three terms u,+ u, + u, of the DJM.
Where the exact solution of Eq. (6) is u(x) =1 + 2x - x*.
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b Error of DIM Error of DIM v A I
Uyt uy Uyt uy o, T ,"’I .
n=2 n=3 A
18T P s
0 0 0 Vs
0.1 9.52379 x101° 7.93650 x10°13 1 //
0.2 1.21901 x107 4.06341 x1071° et /’
0.3 2.08252 x107° 1.56195 x10® 2t
0.4 7.43002 %107 2.07966 x107 " / . . . . . . ) . ) .
0.5 743002 X 10_5 1.54847 X 10,5 oo U.’I DTZ 0.’3 U_’a 0.’5 U.’S 0‘? BIB 0‘9 IID—_
0.6 2.65789 x10* 7.97992 x10° = tad
0.7 7.79691 x10* 3.18867 x10° =
0.8 1.97652 %103 1.05710 x10* Figure 2: Comparison of exact and approximate solution for
0.9 | 4.47774 x10° 3.03686 <10 example 2
1.0 9.27429 x10° 7.78774 x10*
Example 3
Let us consider the following nonlinear integro-differential equation
u(‘U{’_x)=e‘3"+e""—1+3j:u3{t)dt , 0=xt=1 (7)

With the initial conditions

u(0)y=u”0)=1, u’(0)=u® (0)=-1
According to the DJM, by integrating both sides of the equation (7) with respect to x and by using u(0) =u”’(0) =1,
w(0)=u® (0)=-1 yields

() =1 +x: :rg+x‘1' x5+x‘* + 41x 61x° . 73x10 547yt . 3281x!2
M T T T e T2 T30 72 180 © 20160 90720 ' 362880 0079200 @ 239500800

0
EONE
703x 1181 .
+ -I—EI.[fffu (t)dtdxdxdx dx
[= < I I I v

222393600 743565824

Where
2 x4 4148 61x” 7310 54711
fO) =uo(x) = 1—x+ =+ = 30 ¥ 72 " 180 T 20160 ~ 90720 T 362880 ~ 9979200
3281x 703x3 1181x'
T 239500800 222393600 | 743565824
¥ x xr ¥ i
N(x)= 3jjjj jui{:]dmxdxdxdx
I I
Then

T 5 X K I

uy(x) = N{uu]_3jjjjjug{t}dtdxdxdxdx
Do a0
5

x“ 3x gy B N 3x? x10 N x1l 3x12 N 42113
~30 80 560 4480 4480 4800 15400 140800 57657600
449y 14 N 27x15 7243x18 N 8497x%7 2693x18
179379200 32032000 25830604800 91483392000 8782405320
N 22616071x*? 220339307x%° N 30958261x%1
2252687044608000 67580611338240000  29566517460480000
41459352 109508713x%%

~ 1249389453312000 * 1056046435411968000 *
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Then the approximate solution is

o

u(x) =

i=0

ui=un+u1 +‘u2+--'

Table 2 shows the absolute errors at different values of x for
two terms u,+ u, of the DIM.

Where the exact solution of (7) is u(x) = e™.

Then
I x+
uy (%) = N(ug) = j j B(0)dtdx =T
o a
" 10
X X
UalX )= ——= +
2(x) 252 12960
x10 37x1% 109x8 x19 x2?
‘u;(x)=

11340 7076160 * 914457600 558472320 * 77598259200

Table 3: shows the absolute errors at different values of x for
two terms u,+ u, and three terms Uyt u, tu, and four terms u,
Tutu,tu, of the DIM.

X Error of DIM u,+ u,
0 0
0.1 1.0x101°
0.2 1.0 x10°1°
0.3 1.0 x10-1°
0.4 4.0 x10°1°
0.5 3.8 x10”
0.6 2.1 <108
0.7 8.4 x10®
0.8 2.8 x107
0.9 7.9 x107
1.0 2.0 x10°
y
1n<\\
08 T \\
~
08 ™
S
07 -
\ ~
05 7 ‘\.
“"'\\
05 S -
- -~
00 01 02 03 04 o:s 08 o7 08 0:9 I.;—_

Figure 3: Comparison of exact and approximate solution for
example 3

Example 4
Let us consider the following nonlinear integro-differential
equation

u'(x)=—1+ [[u?(t)dt , 0=xt=1 (8)

With the initial condition
u(0)=0

According to the DJM, by integrating both sides of the equation
(8) with respect to x and by using u(0) = 0 yields

ulx)=—x+ ! ! w*(t) dt dx

Where
F0) = ug(x) = —x g N(x) =[] [Tu?(t) dt dx

X Error of DJM | Error of DJM | Error of DJM
u0+u1 u0+ ul+u2 u0+u1+u2+ u,
0 0 0 0
0.1 2.7777 <108 8.8177 1078 1.4696 x10°"7
0.2 1.7774 x10¢ 4.5122 <1010 6.0145 <104
03 2.0223 x10°° 1.7321 x10® 7.7867 x10712
04 1.1358 x10* 2.3003 <107 2.4478 x1071°
0.5 4.3252 x10* 1.7058 x10¢ 3.5374 x10”
0.6 1.2882 %107 8.7398 x10¢ 3.1214 x10®
0.7 3.2369 %107 3.4653 x10° 1.9563 <107
0.8 7.1782 x1073 1.1375 x10* 9.5276 x107
0.9 1.4463 x10? 3.2283 x10* 3.8203 x10¢
1.0 2.7006 %107 8.1573 x10* 1.3117 x10°
y oo “ 0.0 0;1 0;2 0;3 U;J 0;6 a.la 0;? a.la a.lg |.ln_x_
: \\
02+ \\
.
\\
04 1T \\
-~
06+ \"\.
\\ -
08T \-..,_"
N""\
- ne2
- n:i

Figure 4: Comparison of approximate solution for example 4

Conclusion and Discussion

In this study, the Daftardar-Jafari Method (DJM) was applied
to solve linear and nonlinear integro-differential equations.
The results demonstrate that DJM provides accurate solutions
efficiently, reducing computational complexity compared to
traditional methods. By generating a rapidly converging series,
the method ensures high precision with fewer iterative steps.
The effectiveness of DIM has been validated through several
test problems, showing its reliability in solving complex
IDEs. Given its simplicity, rapid convergence, and broad
applicability, DJM proves to be a powerful tool for tackling
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integro-differential equations in scientific and engineering
fields. Future research could focus on extending DJM to more
complex systems and analyzing its convergence properties in
greater detail.
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